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A natural variant of Turing reducibility from the point of view of MartinbLsf randomness is the LRreducibility which
was introduced in [ 10]. We say that A " g B for two sets A, Bif every B-random real is A-random (throughout this paper
randomness means MartinbLSf randomness). Intuitively this means that whenever Acan derandomize areal, Balso has this
ability. This reducibility naturally induces an equivalence relation # r Which defines a partition of Cantor space into the LR
degrees. Two reals A, B belong to the same LRdegree iff the A-random reals and B-random reals coincide. The LRdegrees
were first introduced by AndrZ Nies [ 10] and were further studied by Barmpalias, Lewis, Soskova [ 2] and Simpson [ 15]. In
this paper we study " |rand its interactions with " 1. In Section 1 we lay out the basic framework and facts which are used
throughout the rest of the paper. In Section 2 we study ! f classes of sets" (g $7and as an application we apply a basis
theorem to deduce that there is some A which is not low for random butis  LRreducible to an A-random set. This contrasts
the situationin " . In Section 3 we show that there is a hyperimmune-free Turing degree " g $?{again via a basis theorem)
and prove more results about hyperimmunity in relation to " Lr We also construct a superlow r.e. set A whose lower cone
with respect to " | contains a perfect ! f class. In Section 4 we study the Turing degrees inside an LR degree (globally).
In Section 5 we look at recursively enumerable LRdegrees and the r.e. Turing degrees inside them. We also prove a weak
density result for the recursively enumerable  LRdegrees. In the last section we show that every jump traceable setin the REA
hierarchy is superlow, thus extending (in one direction) the result of Nies that jump traceability and superlowness coincide
inthe r.e. sets.

In the following, we use r.e. sets of strings to generate subclasses of the Cantor space. In particular, we never use the
relations &,"' ,( and) , the measure [ and the operations * and + for sets U of strings; these relations and operations
always refer to the class

s)={" {0, 1} |-n("(0)"(1)..."(n), U)}.
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In other words, M(U)is u(S(U)),U " Viff S(U) "' S(V)and U* V denotes actually S(U) * S(V), not S(U * V). For union,
S(U + V) and S(U) + S(V) would, for both interpretations of ~ +, anyway be the same.

We mainly work in the framework developed by Barmpalias, Lewis and Soskova [ 2] which is based on Kjos-HansenOs
characterization of the LRreducibility [ 6]. In the next section we recall some facts and conventions about MartinDL5f tests
and the LRreducibility of Barmpalias, Lewis and Soskova [ 2]. Unexplained recursion-theoretic notation can be found in
standard textbooks [ 12,13,16].

1. Preliminaries

An oracle MartinDL3f test (U,) is a uniform sequence of oracle machines which output finite binary strings such that if
U isthe range of the e-th machine with oracle  $ | { 0,1} thenforall $,{ 0,1}, e, N, Ue$) < 2 @D angu? ) U:il.
Areal " is called $-random if for every oracle MartinDL3ftest  (Ug) we have " [ * eUf. A universal oracle MartinDL3f test is
an oracle MartinBL&f test (U,) such that for every ",$ , { 0,1}*," is $-randomiiff " /, * euf. Given any oracle MartinDL&f
test (Ug), each Ug can be thought of as anr.e. set of axioms %, & Such r.e. sets of axioms will be referred to as Or.e. operatorsO

since they can be seen as effective operators mapping reals $ , { 0, 1}# to open sets of reals which are f($). If$, {0, 1}#
then

UP ={&]|-%(% $ 2 0%,&, U,)}
andfor ( ,{ 0,1} we define
Ul ={&]-%(% ( 2 0%,&, U}

There is an analogy between oracle MartinDLSf tests as defined above and Lachlan functionals, that is, Turing functionals
viewed as r.e. sets of axioms. This analogy will be exploited in a number of constructions below, especially in the

constructions of r.e. LRdegrees. The following lemma is easily proved and provides a universal oracle MartinDLSf test with
properties which will later be useful.

Lemmal (Barmpalias, Lewis and Soskova2]). There is an oracle MartinDL&f test(U,) such that:

¥ for every oracle MartinDL3f test (Ve), uniformly on its r.e. index we can compute k , N such that for every real $ and all e,
$ $
Verk  Ues
¥ it P, &1, 0%, &1, U.and %' % then & |&;
¥if 0,8, Usthen |%=| & and 0%, & , U[|%]. U[|%. 1].

Throughout this paper by a universal oracle MartinDLSf test we will mean the one given in Lemma 1.

Corollary 2 (Barmpalias, Lewis and Soskova?2]). Let (Ug) be the universal oracle MartinDL3f test of Lemma 1 and let U be any

mt}mber of it. There is a recursive function which, given any input (%, % such that %' %f“outputs the finite (closed-open) set
u”. u%

In [8] Kulera and Slaman gave a strategy for avoiding the low for random reals when building a ! f class. The lemma below
gives a simpler way to do this.

Lemma 3. There is a recursive sequencda,) of natural numbers and a member V of an oracle MartinDL&f test such that for all
Vi &{0,1}*,allnandall & , { 0, 1}* thereis %( &, %, { 0, 1}*** such that V*/' V; . Moreover for all finite strings & the set
v& s finite as a set of strings and the function f (&) = v&is recursive.

Proof. We simplylet ag = 0,a, = a, 1 + n+ landforeach & ,{ 0, 1}* let % i < 2"*2 be the extensions of & of length
an+1. If (i, 1 < 272 are the strings of length n+ 2 we enumerate 0% (;linto V for each i < 2""? Repeatthisforall n, N.
Then foreach & , { 0, 1}* we have (V&) = = "} 2 ' < 2 Land V is a member of an oracle MartinBL$f test. Clearly there

is a recursive function f suchthat f(&) = V& (as a set of finite strings) forall & , { 0, 1}. Also if V is not the whole space,
foreach nand & , { 0, 1}* there is %( &, %, { 0, 1}*** such that V*/' V,. This is because V*for %( &, %, { 0, 1}+1

cover the whole space {0, 1}*. !

The following result will be used throughout this paper in order to provide a uniform approach to dealing with problems
concerning the LRdegrees.

Theorem 4 (Kjos-Hanssen ]). Forall A, B, { 0, 1}# the following are equivalent:

¥ A" RrB;
¥ forevery ' 2(A) class T* of measure< 1thereisa' [(B) class \V®suchthat u(V®) < land TA' V&
¥ for some member U* of a universal MartinDLSf test relative to A there is V8, ' 2(B) such that p(V®) < 1and U*" V&
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We note that there is an effective list (V) of all r.e. operators such that u(vf) < 1forall e, N,$, {0,1}. Indeed,
in order to obtain such a list one just has to start with an effective list of all possible pairs (Te, ge) Of r.e. operators T, and
rational numbers0 < g, < 1,andforeache, N,&, {0, 1}# enumerate into Vf‘ everything that appears in Tf‘ up until the
point where its measure threatens to exceed the threshold  ge. It is easy to verify that this list contains exactly the desired
r.e. operators. This fact will be used freely during the rest of this paper.

In order to constructa ! f class P with no low for random reals in view of Lemma 3 and Theorem 4 one can consider an

effective list (V) of all r.e. operators such that ( Vj) < 1forall e, N,$,{ 0,1} and construct P such that the following
requirements are satisfied:

v/ v, forall $, P,

where V is the operator of Lemma 3 and by V, we mean Vf. A basic strategy for meeting each of these requirements runs
as follows. First choose n large enough so that there is full branching in the current tree between levels a, and an+1 i.€.
such that every string of length  a,+; which extends an extendible string of length  a, is extendible, and where we say that a
string is extendible at any stage of the construction if it has an infinite extension in our present approximation to P . Then
start cutting any finite branches & of length a,+; whenever we find that V& ' V.. By the properties of V we have that
any extendible branches at level a, will remain extendible after the (finitary) action of the strategy. Such a strategy can be
combined with those for meeting other requirements in many finite injury situations (as in [ 8]), and will be used in some
proofs in this paper. In some situations, however, we need to use a more refined operator than V of Lemma 3. This is the
case in Theorem 7, where we have a recursive construction with some of the requirements imposing a restriction on the
number of branches below certain levels. The reason that V is not sufficient to deal with this situation is that for increasing
values of n the number of branches that we may be asked to preserve becomes larger (since  a, is larger) and this (along with

a finite injury effect) may be a problem for other requirements. To overcome this problem in the proof of Theorem 7 we
define another V operator dynamically, during the construction.

1.0.0.1. Another characterization of " g It is worth mentioning that there is a characterization of " RN thq spirit of
Theorem 4 which does does not involve open sets of reals but rather, sequences of natural numbers (n;) such that 2 m<
3 . Such a characterization is givien in a theorem of Kjos-Hanssen/Miller/Solomon which we rephrase as follows. Say that

the weight of aset!' N4 Nis ™ o 2"

Theorem 5 (Kjos-Hanssen/Miller/Solomon, see 15]). There is an r.e. operator W which maps reals$ to $-r.e. sets WP N4 N
with weight < 1 such that the following are equivalent:

(1) A" rB;

(2) thereisaB-re.setP' N4 N with finite weight such thatw ' |5,

(3) thereis a B-r.e. set ¥ with weight < 1 suchthatw”' J;

(4) every A-re.setE'' N4 N with finite weight is contained in a B-r.e. set T B with finite weight.

Another way to express this fact is as follows. Fix any computable function f such that for every m , N there are infinitely
many n, Nsughthat f(n) = m. Define the weightofasetW ' N (relative to f) as
w)= 20,
i, W
Theorem 6. Thereis anr.e. operator W suchthatforall X , 27 thesetwX ' Nhasweight< 1 and the following are equivalent:
(1) A" rB;
(2) thereis a B-r.e. set P of finite weight such thatw ' 1B;

(3) thereis a B-r.e. set ¥ of weight < 1 suchthatW”' P,
(4) every A-r.e. set of finite weight has a B-r.e. superset of finite weight.

Proof. Theorem 6 is easily proved from Theorem 5 by considering a recursive bijection g : N4 N 5 N such that
f(g(n, m)) = mforall (n,m), N4 N.Notice that g can be used to translate subsets of N4 N to subsets of N and vice versa
while preserving the weight of sets. !

Note that this result is independent of the definition of f (i.e. the interpretation of weight) as long it satisfies the required
property mentioned above.

2.1 f classes and LR degrees
The following theorem will later be combined with various basis theorems for ! f classes and will give a number of
interesting corollaries regarding the relation between " gand " 7.

Theorem 7. Thereis a! f class of Gl reals" g $%which contains no low for random reals.

Proof. The proof follows by a combination of the following strategies in a finite injury setting. We effectively approximate
a tree T by starting with the full binary tree and then proceeding to chop off selected branches. By level n of a tree we
shall mean the set of extendible strings of length  n. Let U, be the second member of a universal MartinBLSf test (so that

u(ud) < 2 2forall $, { 0, 1}%).
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2.0.0.2. Making the members of the class' g $%° This strategy is used by Barmpalias, Lewis and Soskova in [ 2] to construct a
perfect tree of reals LRreducible to $%The goal is to ensure that:

+g7US < 1. 1)

Then by the properties of U, we can use $”to enumerate an open set of reals of measure < 1 which covers U!$ for all
$ , [ T]. This means that all infinite paths in T are " g $%oy Theorem 4. We split the strategy into infinitely many copies P
and assume that each of them is required (by the higher priority requirements) to preserve the current tree up to a certain

level, with Bg being the set of existing nodes at this level. The main conflict is that apart from satisfying (1) we also wish to

allow the existence of 2 "2 paths above each & , B as this is required by the other strategies in the construction. Inductively

we will have |Bg| " 29*¢ since the other strategies do not introduce branching. Thenthe task of Py istofind foreach & , B
some % (& such that:

H(u®. u) < 2 €35 forall %( %. @)

In this way, since |Bg| " 2¢°* ¢ it canintroduce 2¢* 2 branches above each suclp (which will be needed by the other strategies)
and the measure added in +g [ T]U[$ will be less than:

|Be é29+2 é2 e?. 3e. 5u 2 e. 3

Strategy P, starts by choosing a big length ) (a number not previously mentioned in the construction), picking any candidate

% ( & of length ) for each & , B, and chopping from T all branches which are incompatible with all chosen % (for
each & , Bg). Whenever some % (% appears (say of length less than the current stage) such that  (2) does not hold it

selects an extension %’/"( % of big length and it chops all existing branches of length |°/§}’ which are extensions of & and
incompatible with O/f{f’ Now the new candidate below &is %/"and it can also update the candidates below the other strings in

Be by choosing extensions of length |°/ff]’ and chopping incompatible extensions, and so on. Then since U, is a member of an

oracle MartinbLSf test, after less than 2 e?+3et5 attempts below each string in B it will find the right candidate.

2.0.0.3. Avoiding the low for random reals. We will adapt the ideas sketched after Theorem 4. Let (V,) be an effective list of
all r.e. operators such that i( Vf) < 1forall e, N,$,{0,1}*. The sequence(V,) can be chosen appropriately so that we

also have a computable sequence of positive rationals  (g;) with ( Vf) < 1. geforall e $.Inviewof Theorem 4 it suffices
to construct a member of an oracle MartinbLSftest U such that the following requirements are satisfied:

Q:U%/ v, forall $,[T]. ®3)

Strategy Q. inherits a restraint from the higher priority requirements which asks for the current branches of a certain level

n (that is, the set G of the currently extendible strings of length  n) to remain extendible. Note that by the nature of the
strategies in this construction we have that every string in C[s+ 1] has a unique prefix in G[s]. To satisfy Q. if we did not
have other requirements we would find an antichain of, say, 2 ¢*2 strings & extending each stringin G, enumerate measure
2 © 2in U% (exactly as in the proof of Lemma 3, by dividing 2 # into 2 ¢ 2 equal intervals) and start chopping from T those
branches & which end up with U% "' V.

Here, however, the situation is just a little more complicated. On the one hand Qe is only allowed to use a fixed number
of branches extending each %, G, (namely 2 ®" 2, as allowed for by the previous P, strategy) and on the other hand it may be
injured by higher priority requirements. After each injury it may already have enumerated some measure into u& (for some
&) and thus ensuring that  ( U$) < 1forall $, 2% becomes a bit more tricky. The solution is to implement the strategy
in k parts for a large enough k which depends on an upper bound on the injuries of Q. by higher priority requirements. We
can assume we know such a bound m due to the nature of the other requirements. For the sake of Qe we will build  Ug with
( Uff) " 2 ® 2 andeventually we will set U = + .U, which is going to be a member of a MartinDL5f test. We divide {0, 1}*
into k equal intervals 1y, ..., I, and for each %, C. we follow a routine successively for each of the intervals, starting with
l;. We say that for some finite string %the interval 1 has been used(for Q) if Ue%* I; /= $. 1f no routine is on progress for %, G
we find an antichain of 2 ®"2 strings & extending %(say, of the same length )) and make sure that no other strings extend
%at level ) by chopping superfluous strings. Also we find the least  t such that I; is unused for all &, we divide I, into 2 ¢*2
equal intervals and we assign the corresponding closed-open sets of reals to Uf‘ ,i < 2% 2 respectively. Then every time that
we see U.f“ 'V, for some i we chop & from the tree, unless this is the last extension of ~ %currently on T. In the latter case
we terminate the current routine and start a routine with l;+1 which is now the next unused interval, provided that t < k.
Also, if in the middle of the routine for |, the strategy Qe is injured, the routine is terminated and a new routine starts in the
same way.

This strategy clearly assigns to each Uf, $.,{o 1}# measure at most 2 & 2 (in at most k installments), so it is Ocost-
efficientO. Note that the possible injuries of Q. cannot cause the strategy to repeat the j-routine (corresponding to ;) for
somejwithl " j" kinasingle path. Now if the strategy runs as above until for some finite string %it has used the last
interval I, we will have

M(Ve) 6 (k. m)a; )



G. Barmpalias et al. / Annals of Pure and Applied Logic 156 (2008) 21938 25

given that every time the routine finishes with some interval Iy (without an injury occurring in between) an extra measure

of 28% 2 (number of strings) times 2 - & 2/ k (measure loaded in Uf‘) enters V,. Soif we choose k = 2° for a large enough b such
that k 6 m/ g. then (4) would give H(Ve) 6 1. de which is a contradiction. This means that for this value of  k the strategy
Q. will never run out of unused intervals thus guaranteeing Uf [' V. for all extensionson Tofeach&, C.Alsoal &, G
remain extendible in T and Q. causes a recursively bounded number of injuries to the lower priority requirements.

2.0.0.4. Making the class inside GL. If W, is the r.e. set of strings & such that * f‘(e) 7 we consider a strategy M, for each
We. The strategy M, inherits the restraint from higher priority requirements that the set of strings D, from a certain level of
the class Ts should be preserved, that is, remain extendible. It simply waits and whenever a proper extension %oof a string
&, Dcisenumeratedinto W, and is extendible it chops off all branches which extend & and are incompatible with % These
strategies are finitary and they satisfy the requirement $% 1$8% %3s follows: let $ , T and suppose that we wish to
decide if * f(e) 7. We just need to use $”%o find a stage s, beyond which all requirements up to and including M, have

stopped acting. Then with oracle $ we can find which string of D, the sequence $ extends and correctly assert that  * Ei,$(e) 7
iff this happens by stage s, (if this happens later it would contradict the choice of So)-

2.0.0.5. Combining the strategies. We fix the priority list Py, Mg, Qg, P1, M1, Qq, ... and the construction proceeds in a
straightforward way with each of the finitary strategies eventually resting and being responsible for a certain interval of

levels on the tree T. Each of these intervals starts from the endpoint of the interval of the previous strategy. If pi, Mj, N;
are these endpoints for the requirements respectively then T " pg consists of a single branch. This also holds for T " mg
according to the M-strategies. Then Qq introduces at most 2 2 branchesin T " ng while T " p;, T " m; do not introduce
further branching, and so on. We say that a strategy is injured if some higher priority strategy acts (that is, chops off some
branches in T or changes its parameters). The precise construction is as follows:

2.0.0.6. Atstage s. Successively accessP,, M;, Q for i < s. When we access P, we determine a finite extension for each string

in B; (note that By consists of the empty string) exactly as explained above in the description of this strategy. If and when P,
is injured it may be the case that B; changes, and in this case the strategy needs to determine the extensions again. During
an interval of stages where P is notinjured it may change the chosen extensions to further extensions of those (according to

the strategy above) but for each string in  B; this can happen less than 2 e*+3et5 times. So during such an interval the strategy

can act at most |B;| é292+3e+5 times. The set D; is defined at each stage to be the chosen finite extensions of each stringin B
i.e. the extendible nodes of the level that these strings belong to. So  |B.| = | De| for each e.

When we access M; we check if a proper extension %of a string & , D, is enumerated into W, and is extendible. In
that case and if this is the first time such an extension occurs (since the last time the strategy was injured) we choose some
0/6/"( %0of big length and chop off all branches which extend & and are incompatible with 9%8°We also choose arbitrarily an
extension of length |°/’6f’ for each of the other strings in D, and chop incompatible extensions with those strings at level |‘V€$f’.
The set G is defined at each stage to be the set of the currently chosen extensions and consists of the extendible strings of a
certain level. Note that |De| = | G| and that during an interval of stages where  M,; is not injured this strategy can act at most
|De| times.

Since Q. introduces at most 2 ®*2 branches above each string in C, we have that |Co+1| " 2%"2 & [&]. Since |G| = 11t

follows that |G| " 2¢°* ¢ a5 mentioned before. Let Ve be an upper bound on the injuries of Q.. This can be easily calculated
from the above interms of ealone. The strategy Qe works with a partition 14, ..., I of the space into equal intervals, where  k
the least number of the form 2 ® which is greater than V./ ge. Every time Q. is accessed the following is done for each %, C.:

%
if &(%)7 for some j check if Ufi( 2k Ve. If so then make &(%)9 and if thereis m /=j, m < 2% 2 with &,(%)7 chop (the
previous value of) &(% Yrom the tree. Now if thereisno  j < 2%"2 with &(%)7 pick an antichain of 2 ¢"2 strings &(%)( %
and chop from T the extensions of %which are incompatible with all the ~ &(%) Then if I, is the least unused interval with

respect to all &(%)divide itinto 2 "2 equal intervals and assign them respectively to v&(0)j < 2¢*2 Notice that now |y is
usedfor %and every extension of it. When the above is done forall %, G, choose abig length ) and an extension of length
) for each & 7 with respectto each %, G, chop all incompatible extensions of those strings from T and let B, be the set of
the remaining extensions of length ). When Qe is injured all &(%)%, { 0, 1} of Q. become undefined.

2.0.0.7. Verification. The tree consists of GL; reals by the actions of the M strategies as explained above and since all

the strategies act finitely often. To show that there are no low for random paths through T we first need to show that
p( Uf) "2 2forall $,{0,1}¥, sothat p(U®) < 1forall $,{ 0,1}, Itisclearthatonly the Q, strategy adds measure
to Uf and that Q. contributes 2 - ® 2/kto Uf during the activity corresponding to an interval I;. During the construction each

interval I; (defined by Q) is used at most once with respect to path $ and the strategy therefore contributes at most2 - & 2

to u?. We must show next that for every $ , T we have u;“ ' Ve. Strategy Qe will keep on defining antichains & (%) for
prefixes %& % ; of $ and each time it proceeds to % ; it means that either it has been injured orthat I, ' V.. The second
case can happen lessthan k. Vetimessince |Ij| = 1/kand (k. Vi) & = 1. ¢ > J( Ve). The first case can happen at most
V. times since this is a bound on the injuries of Q.. So when Q. defines the antichain & (%) for the last i, it will no longer be

U;%(%)

injured and it will not be the case that all are contained in V. Moreover, there is some t suchthat & (%) & $. Itfollows
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that Uf“(%) [' V. because otherwise & (%) would be removed from the tree and $ /, [T], a contradiction. So Uf I' Veand
this shows that Q. is satisfied. Finally by induction on i and the analysis of P, given above itis clear that for the final value of
D; the following holds

+&’ DiU]& "o 2 4 2 3+ééé+2' i
so that +g, TU1$ < 1and by Theorem 4 all paths through T are" g $% !

If A" ;+ Zand Zis A-random (thatis, Ais a basis for randomness) it is well known that A has to be low for random. However
bases for randomness with respectto " |z do not have to be low for random. Indeed, recall thatareal  Ais called low for + if
+ israndom relative to A. Downey, Hirschfeldt, Miller and Nies [ 4] showed that every ! f class has a member which is low
for + . Since+ #+ $”Theorem 7 implies the following corollary.

Corollary 8. There is a low for + real which is LR-below + and it is not low for random.

Theorem 7 can also be proved in terms of prefix free complexity. Let H(x) denote the prefix free complexity of a
number/string x.!

Say that A" | Bif there is some constant ¢ such that H8(x) " H”(x) + cforall x. Also a set X is called H-trivial if there
isaconstant ¢, Nsuchthat H(X " n)" H(n)+ cforall n, N.Nies[10]showed the coincidence of the H-trivials and the
low for random reals; Kjos-Hanssen, Miller and Solomon [ 7] showed the coincidence of " |y and " |r.

Theorem 9. There is a partial computable function , such that no extension of itis H-trivial and all all extensions ofitare " |y $%

Proof. By the proof of Proposition 6 in [ 5] there is a universal machine such that the approximation Ho, Hy, ... to H from
above satisfies Hy(x) = H(x) whenever x is the maximum of a set of the form  {y : H(y) " n} for some n.

Split the natural numbers recursively into intervals lo, I1, ... such that I, is defined at stage s after the markers have
been moved and , has been adapted. The markers ag, ai, . .. sit always on natural numbers such that , is made total on
an interval |, iff the markers vacate the number t. Furthermore, if n < m, a, sitson t and a,, on sthen t < s. At stage 0,
every marker a, sits on n. The idea is to move every marker eventually onto a position ~ swhere Hg(s) = H(s) so that the
diagonalization can exploit this knowledge in order to avoid H-triviality.

The following five steps govern how in stage sthe updates are done. Let n be the least n for which a marker qualifies to
move either by condition (2) or condition (3).

(1) Every marker a, with m 6 n moves from its current positionto s+ m. n.
(2) The marker a, moves from t to sif no marker a;, with m < n moves and there is an extension Aof, ssuch that the sum

{211 UA(p) s defined and use (UA(p)) > min (1)} 6 2 "™,

After the move, the update done on , isthat , ¢1(x) = A(x) for all x belonging to an interval I, with t " r < sand
, s(X) being undefined; Ais here the set from above which forced the marker  a, to move.

(3) The marker a, moves from t to sif no marker a, with m < n moves and Hg(s) " H;(t). In this case, , s1(x) = 0 for all
x belonging to an interval I, with t " r < sand, ¢(x) being undefined.

(4) Furthermore, for every interval |, with r < t forthe t from (2) or (3) or r < sfor the case that no marker has moved, the
following is done: If , ¢is not defined on all members of |, and there are a program p, a string & and an x such that
¥ Ug(p) = &and [p| < H(r) + log(]!])/ 2,
¥ x= min(l, . dom(, §)) and dom(&)={0,1,..., max(l,)},
¥, y) = &(y)forall y, dom(&)* dom(, ),
then one defines , o 1(X) suchthat , «1(x),{ 0,1} { &X)}.

(5) Let n be the number of the marker which sits on s after stage s. LetIs have length n.

First it is shown by induction that every marker  a, moves only finitely often. Assume that all a,, with m < n move only
finitely often. Let t be a stage so large that a, does no longer move by condition (1) and also no longer by condition (2). Now
assume that the marker a, moved at stage t; if one could not choose the stage t such than a, would only move finitely often
anyway. Now, for all stages s > t, the marker a, moves at stage s, if at all, only due to condition (3). Forall s 6 t where
the marker a, moves, the condition Hs(s) " H(t) holds. For the first such move, this follows from the condition, for further
moves, it is preserved by the transitivity of " . As there are only finitely many swith Hg(s) " H(t), a, will only have a finite
number of additional moves. Furthermore, conditions (1) and (3) together make sure that, whenever a, sitson t and there is
ans6 twith Hg(s) " H(t), then a, moves oninone of the stages t + 1,t + 2,..., s. For that reason, a, ends up eventually
onat suchthat Hg(s) > H,(t) forall s> t whichimpliesthat t = max({s: Hs(s) " H;(t)}) = max({s: H(s) " H(t)}). Note
that H,(t) = H(t) by the assumption on the universal machine for each  t on which one marker comes to rest eventually.
Second, note that if a, comes finally to reston t, then, for some constant c independently of t and some properties of H,
,( x) will be defined only by (4) and only foratmost 2~ '°9(lt/2+Hc()+e. H() positionsin 1,. AsH, (t) = H(t), there are, for each

1The prefix free complexity of  x is sometimes denoted by K(x) in the literature.
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large enough t such that some marker a, eventually rests on t, some positions in I; which will remain free forever. Hence
the condition (4) makes it impossible for any extension ~ Aof , to be H-trivial as any H-trivial set B satisfies

-c: n[H(B(0)B(1)...B(max(l,))) " H(n) + c].

The latter holds as max (I,) can be computed from n.

Third, to see that any extension A of , satisfies A " |y K, note that one can compute relative to K the set E of all
(p, k, UB(p)) where Bextends , and UB(p) is defined and the use to compute UB(p) is between min (I;) and min (Is) for
the final positions t and sof the marlll<ers a, and ay+ 1, respectively. By construction,

{2-I ol - -x[(p, k,x) , EJ} < oL+ 2+4dak 5o kdk+1)
where the bound 2 1*2+33& comes from the undefined places of , left on the intervals linked to the final positions of the

markers ag, ag, ..., a and which can be filled with either 0 or 1 while 2 - kdk*+1) comes from the bound enforced by (2). In
total, this part of the sum will be less than 2 - X and hence the whole sum will converge. But as the sum of all

217k, x[(p, k, x) , E]}

converges to a fixed finite real number, there is a constant ¢ such that, uniformly for all B extending , and all x, H¥(x) "
HB(x) + c. Hence A" |4 K asAis one of the sets Bextending , . !

The following is a basis theorem for ! f classes and its proof involves a double use of van LambalgenOs theorem. Recall that

van Lambalgen()s theorem relativizes as follows: for every sets A, B, C the set A8 Bis MartinDL$f random relative to  C iff A
is MartinbL3f random relative to  C and Bis MartinDL3f random relativeto A8 C.

Theorem 10. Let A be low for + . Then every perfect! f class has a member B such that B" g A.

Proof. Suppose that we are given a perfect tree T without dead ends which represents a ! f class P (that is, P consists of
the infinite paths through  T). Let Rbe a set which is MartinDL3f random relativeto A8 + and notice that by the relativized
Van LambalgenOs Theorem+ 8 Ris MartinDL3f random relative to A (since Ais low for + ). We will define aset B, P such
that + 8 Ris not MartinDL3f random relative to B, so that B /" g A. Define set B inductively as follows. Suppose that B " n
is defined, [B " n]* P /= $and there are x, branching nodes preceding node B " nin T.If node B " n is not branching let
B" (n+ 1) be the unique one-bit extension of B" nsuchthat [B" (n+ 1)]* P /= $(and notice that X,+1 = X,). Otherwise
let B(n) = R(x,) (and notice that X,+1 = X, + 1).

Roughly speaking Bis the code of Rvia T. SinceT " 1 $”and + # 1 $%ve havethat R" 1 + 8 B(notice that the sequence
Xn, and so the coding of Rinto B, is recursive in $%. Obviously B, P and Ris not MartinDL&f random relativeto  + 8 B. But
by the relativized van LambalgenOs theorem this means that + 8 Ris not MartinDL&f random relative to B, which is what
we needed. !

We note that the proof above shows that the same result holds if even when P is the set of infinite paths through a perfect
tree " + $”which is a slightly more general notionthan ! 2 class. For-  sets the notions OOlow for+ OO and OOlow for Martin®
L&f random®0 are known to coincide. But there are sets not below $”?which are low for + . As we mentioned above, every

I' O-class without low for random members contains such a set.

3. Hyperimmunity and LR degrees

Since every nonempty ! f class contains a path of hyperimmune-free degree  Theorem 7 implies the following.

Corollary 11. There is a hyperimmune-free Turing degree” g $%which is not low for random.

Theorem 7 combined with coding viaa ! f class gives the following.

Corollary 12. Forevery Y 6 1 $%thereare A" R $”B" [k $”5uchthatA8 B#: Y.

Proof. We can use the ! f class T of Theorem 7 and some standard coding: let A = $ “and define B by finite extensions &
if & 1 7 find (with oracle A) the least node %( &, 1 suchthatboth %l 0,%! 1 are extendible. Then define &, = %! Y(n).
Clearly Y #1 A8 B A" 1 $”and B" g $”&ince it belongsto T. !

The proof of the following theorem uses ideas from [ 17].

Theorem 13. For every set A there is a set B of hyperimmune-free degree such that B" g A.

Proof. We force with ! f classes: starting from a certain ! f class T we define a decreasing sequence T) P, ) P, ) ada

of ! f classes such that each class is a finite extension of the next one (in the sense that we get P+, from P, by subtracting
a closed-open set). Let U be the member of an oracle MartinBLSf test which was defined in Lemma 3. The goal for defining
Poe is

[* $istotalforall $, Py] ;- x[* 3(x) 9forall $, P (5)

e
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and the goal for defining Poes+ 1 is
'$, Paers [US V2], ©)

In order to satisfy (5) we wish to start with a class T with the property that for all e there is a closed-open set D, and some

X, N such that either * S(X) Oforall $, T. Deor* . istotalforall $ , T. De. For satisfying (6) via Lemma 3 and
Theorem 4 we also wish that

-3 n[allnodesin N, !{0,1}"" ! are extendible in T] (7

where N, is the set of extendible nodes of length a1 and (&) is the sequence of Lemma 3. We use a finite injury argument
to build T. Starting with the full binary tree, let  g(e, x)[s] be the Cg, x:th number n such that all nodes in N, ! { 0, 1}"*?
are extendible in T (and g(e, x) = limgg(e, x)[s], if this exists). At stage s+ 1 we look for the least Qg x1 < s such that
* &(x)[s] 7 for some & of length > ag(e (g and < ssuch that [&] * T /= $(i.e. & is extendible in the current version of ~ T).
If found, we cut from T all branches which extend & " ag(e [ and are incompatible with ~ &.

By finite injury it is clear that each  g(e, x) reaches a limit and hence (7) holds. Now suppose that there exists $ , T
and x , N such that * f(x) 9. If De is a closed-open set covering all branches which are incompatible with $ ag(e,x) then
T. De/=3%and* s (x) 9forall . , T. D, since otherwise the construction would evict ~ $ from T.

Welet P ; = T. Now assume that P, ; is defined. If there does notexist $, P,. ; and x such that * f(x) 9 then define
Poe = Poe 1. Otherwise let Poe = Poe 1. Cye Where Gy is defined as De above only that P, ; takes the place of T. Now let
N, (e) denote the set of extendible nodes in P, of length a,. ; and let n be the least such that all nodes in N,(e) ! { 0, 1}"*?
are extendible in P Find a string & , Np+1(€) such that v r Vé* (the existence of such a string is ensured by Lemma 3)
and if Cye+ 1 is the closed-open set of nodes in P, which are incompatible with & let Pogr1 = Pog . Coer1.

Since P, /= $for all i, there exists Bin *;P, and by induction it satisfies all requirements. Clearly B /".gr Aand is of

hyperimmune-free degree because givenanytotal * 5 we can dominate it recursively by usingthe ! f classPse, since* f(x) 7
forevery $, Peandall x. !

Although there are non-trivial hyperimmune-free Turing degrees every LRdegree contains a hyperimmune set.
Theorem 14. Every LR degree contains a hyperimmune set.

Proof. The standard r.e. nonrecursive low for random construction is compatible with making the real co-r.e. and
hyperimmune. Relativizing, we get that for every A there is an A-co-r.e. hyperimmune B such that A8 B # g A. Since
hyperimmune Turing degrees are upward closed this concludes the proof. !

The main technique for constructing reals such that the cone of reals $ " g " is uncountable can be combined with
lowness requirements to give a superlow real with this property, as in Theorem 15. In [2] it was shown that every non-GL
set has uncountably many " | predecessors. Theorem 15 shows that non-GL , is not a property that characterizes the sets
with this property.

Theorem 15. There is a superlow r.e. set B such tha{A| A" | B} contains a perfect! ? class.

Proof. LetU be the second element of a universal oracle Martin-L5f test. We start with the full binary tree and start chopping
branches in such a way that we approximate a perfect subtree  T. Atthe same time we define Banda' f(B) set VB of measure
< 1suchthat UT®) " VvEBforall &, { 0, 1} . Whenever some T(&)is defined some large number cg is set to be the B-code
of &and UT®) . UT& ) js enumerated into V8 (& is the predecessor of &). In the rest of the stages this closed-open set of
reals will remainin VB only as long as cg /, B. For eache strategy P. will be responsible for defining  T(&)forall & , { 0, 1}°
and ensuring that the measure added into V8 for the sake of the (e + 1)-th level of Tis < 2-® 3 (thatis, < 2 2 4 for
each& , {0, 1}e+l). If we had no restrictions on B the method described in the proof of Theorem 7 would suffice. Now that
we want Bto be superlow, P, has a dynamic quota g (instead of the fixed one 2 - ?® #), which starts with value 2 - 2* 5 and
becomes half of the previous value every time itis  injured i.e. every time some higher priority strategy acts.

P.: Forall &, {0,1}%,T(&) 7 and p(U”?. UT®)) < g forall %( T(&)in T.
Ne : The number of different computations of ~ * f(e) is recursively bounded.

So we agree that at stage s, g¢[s] = 2° 2® 5 " where n is the number of times P, has been injured by stage s. We set a priority
list Py, No, P1, ... and order the finite strings first by length and then lexicographically. At each stage re is the maximum use
of any convergent computation * yeo’)? for €’ e Initially we define T(/) = /. Atstage sdo the following.

(1) Forthe least e (if any) such that * 5(e) 7 and * 2(e)[s. 1] 9 say that N, acts.

(11) Checkto see if there is some T(&) 7 (|&| = e, say) and some %( T(&) which is compatible with a leaf of the current
tree T, |% < sand such that p(U%. UT®)) 6 g[s]. In that case choose the least such & and cut the branches which
extend T(&)and are incompatible with  %Alsoforall ( ) &make T(() 9,if ¢¢ 7> r|(|. 1 enumerate c( into B, redefine

T(&) to be %and redefine cg to be a large number. Enumerate UT& . U™ )into VB with use cg (Pe acts).
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(1) Consider the least & such that T(& ! i) 9 for i = 0, 1. 1f T(&)is of length < s. 1thenforeach i, { 0, 1} define
T(&! i) tobe T(&)! i, define cg; to be a large number and enumerate UT&') | UT&) into VB with use cgi;.

To verify the construction we first show that there is a recursive function f such that for all ethere can be at most f (e) times
where P, is injured. Assuming that f(e) 7 we know that P, will be injured at most f(e) times. Now P, itself can redefine a
node of T at level e at most 2 2" 5*1(®) times during an interval of stages where it is not injured, since during that interval

Qe 6 2" 2 5 (e and each time the node is redefined measure at least e is added to u® fora single path $. Since there are
2° nodes at level estrategy P, can actatmost p, = 2°&2¢*5*1(e) §f (e) + 1) times. Thusthe P,i " ecanactatmost f(e) + pe
times and N, can act at most f(e) + pe + 1times. So Pe: 4 can be injured at most

fle+ 1) = 24(f(e) + pe) + 1

many times. Since P, is never injured we can let f(0) = 0 and the induction is complete. This also shows that T converges
to a perfect tree and by construction if $ , [ T] we have u® ' VB Moreover Bis superlow since we have a recursive bound
on the number of injuries of N (lower priority P strategies respect re).

It remains to show that  (V®) < 1. The setVE consists of the collection of closed-open intervals which were enumerated
into VB and were never evicted from it, that is, their corresponding B-codes do not belong in B. Since J( U$) < 2 Zforall
$, the measure added to V®in defining T to level 0 is at most 2 - 2. Every other closed-open interval in VB can be assigned
(or traced) to a unique strategy P.+; and in particular a node & of level e + 1. It suffices to show that H(Cg) < 2 2 “ for
each & of length e+ 1, where Gy is the (union of the) collection of intervals in VB which originate from the definitions of
T(&). Suppose that s = 0and s, S, . . ., S are the stages where P, is injured. For each i < k let Cg(i) contain the intervals
enumerated into  Cg during the interval of stages [s, s+1) and let Cg(k) contain the intervals enumerated into  Cg at stages
6 s. Byconstruction P(Cg(i)) " qe[s]; indeed, every time except (perhaps) the firstduring  [s, S+1) that T(& ) is redefined
by P, the previous amount UT®) . UT® ) jeaves VB and so Cg (i) will be the closed-open set which corresponds to the latest
definition of T(& ) during [s;, S+1). Thus:

"y "y

H(Ce) " H(Ce(i)) < 2 iguso] < 20 24

i=0 i=0

and this concludes the proof. !

4. Relative randomness invariance and Turing incomparability

The standard construction of a nonrecursive r.e. set which is low for random relativizes to give that for every nonrecursive
W there is a set Asuch that A # r W (that is, the classes of A-randoms and W -randoms coincide) and W <1 A (see [2]).
Note that by the existence of minimal degrees the dual result (that is, building A <t W) does not hold and hence there
are LRdegrees such that the structure of Turing degrees inside them has minimal elements; in fact, if we consider minimal
degrees which are not low (Sasso [ 14]) and the fact that all low for random reals are low it follows that there are also non-
zero LRdegrees with this property. A very related question is whether given any nonrecursive W we can find AW such
that A #  r W. The next theorem gives a positive answer. Note that the argument is considerably more involved than the
argument required for making A >: W (and A# gk W). Corresponding results for the r.e. case can be found in Section 5 and
in[2].

Theorem 16. Let W be a nonrecursive set. Then there exists A such that AW and the class of W-random reals coincides with
the class of A-random reals (that is, A# g W).

Proof. We wish to construct A, a' (A) classVAwith Pp(VA) < 1anda' 2(W) class TV with U(TW) < 1 such that:

uv' vA and UA' TV,
where U is the second member of a universal oracle test (so that p(U$) < 2 2). First we fix an r.e. operator V as follows.
Consider a recursive map f of N onto {0, 1}! such thatevery n, N corresponds to a finite string and for every finite string &

there exist infinitely many  n such that f (n) = &. Then for every set X definethe ' 2(X) classV* ={f(n) | n, X}. We wish
to satisfy the following positive requirements:

Pe: * 2 /=W, ®)

Q: *¥I=A Q)
Requirement P, will be satisfied by searching for splittings, that is, pairs of strings &, Ysuch that * f‘(x) 7/=* g/c(x) 7 for
some x , N. If a splitting is found we can choose the string which gives a disagreement with W and make it an initial
segment of A. If no such splitting is found we can argue that if  * 5 = W then W is recursive. Of course the choice of such a

string as an initial segment of A could add measure in VA and since we want (V*) < 1 we should ask for splittings which
add small measure to V2. The above situation is the main conflict in this construction.
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Requirement Q. is much more easily satisfied. We just have to choose any n, N. A waituntil * g"’(n) 7= 0and then
enumerate it into  A. The measure added to V* by this action is not an issue since we can choose any n (so that the added
measure is arbitrarily small). Of course changing A will also produce some cost with respect to the reduction ur' TV that
we are building, but this can be dealt with as in a typical cost function argument.

The construction will be recursive in W, so that we can enumerate T recursively in W . In particular it will be a cost
function argument relative to W and Awill be approximated W -recursively, thatis, A" 1 W “Note that essentially we have
to consider two sorts of cost when we change the approximation to ~ A. One is associated with U ' TW: changing A will
make some closed-open setin TV useless and its measure will be counted as junk. The other one hasto dowith ~ UW ' VA
changing A in certain ways adds measure into  V# since operator V is defined a priori . Define the first sort as follows:

cost(n, s) = H{&| &, U”[s] withuse usuchthat n < u< s}. (10)

Since for every & there exist infinitely many n with f(n) = &, we can easily enumerate elements of U%W into VA without
worrying about the cost incurred by these enumerations. Atstage  swe only enumerate into  TY elements of VAwithuse < s
and any new strings appearing in  U" can be enumerated into V* by enumeratingin n > s.

Let the requirements be ordered Py, Qp, P1, Qi, . ... Letryg[s] be the restraint imposed on A by P, and let roe+1[s] be the
restraint imposed on A by Q. (these parameters will be defined inductively below). We also define a quota pels] which
indicates the cost that P, is able to afford when it changes the approximation to A at stage s. This will help ensuring that
u(TY) < 1while UA' TW and also that P(V#) < 1. This quota will be halved every time P, acts (that is, every time it alters
the approximationto ~ A). In particular we define pe[s] = 2- & ™ 4 where n is the number of times that P, has acted. Strategy
P has a parameter &[s] & Aswhichis the segmentof Awhich it needs to preserve. At every stage swe define &|[s] = A" n
where n is the least number:

¥ greater than 2 e

¥ greater than the restraints imposed by higher priority requirements;
¥ such that cost(n, s) < pe[s];

¥ such that P( VA . VA™M) < pg[s];

¥ such thatif X is the set of finite stringsin  UW[s]. V"™ then Y(X) < pe[s] (recall that UY is prefix-free as a set of finite
strings).

Strategy P, looks for splittings above & which add to v& measure less than pe- More precisely, at stage sit searches for a
pair of strings %, % of length < swhich extend & and some x < ssuch that

* BN /= 27 and p(v*. vEE) < p, (11)

for i = 0, 1. If there exists such a spIiEting we say that P, requires attention at stage s. Upon receiving attention the strategy
then chooses i , { 0, 1} such that * f(x) /= W (x) and it lets %be an initial segment of A, i.e. it sets A; = %! 0%. We will
be able to argue, by a typical cost function argument, that & reaches a limit. Then if P, finds a splitting it is satisfied and
otherwise we can argue thatif * = W then W is recursive.

For the strategy Q. we also define a quota ge[s] = 2° & ™ 4 where n is the number of imes that Q. has actedi.e. changed
the approximationto  A. The strategy will hold witness  x.[s] which is defined as the least x > 2e such that:

¥ cost(x, s) < ge[s];

¥ 2110l < gl[s];

¥ itis larger than the restraint r; forall i " 2e and all witnesses for higher priority requirements;
¥ suchthatif X is the set of finite stringsin = UY[s]. V*™ then W(X) < ge[s].

We say that Q. requires attention at stage s if * ¥ (x¢)[s] 7= A(xe)[s]. For all e, sdefine r[0] = 0. For stagess > 0 we will
have re[s+ 1] = r¢[s] unless r. is redefined explicitly in the construction. Finally, A, = 0%.

4.0.0.8. Construction. At stage s consider the highest priority requirement which is not presently declared satisfied and
which requires attention.

¥ If this is P, consider 9%, %, x as in (11) and such that &[s] & %for i = 0, 1. Define Asx; = %! 0 for i such that
* (X)) /= W(x) and define rye[s + 1] to be |9%. P. is declared satisfied, all lower priority requirements are declared
unsatisfied and their restraints are set to zero.

¥ Ifthisis Qe define Asrq = (A" xe[s])! y! 07 where y = 1. * W(x.)[s] and let ryer 1 be xe[s] + 1. Q. is declared satisfied,
all lower priority requirements are declared unsatisfied and their restraints are set to zero.

Enumerate all finite strings which arein ~ U” with use < sinto T". Enumerate all finite stringsin  UY into V* via large n.
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4.0.0.9. Verification. Itis easy to see by induction that each strategy requires attention finitely often and so acts only finitely
many times. Since P, Q. cannot change the approximationto A " 2e and since they act finitely often it follows that the
approximation to A converges. Next we show that (TW) < 1. It follows by the definitions of TV, qe, X and (10) that

u(tv) " p(uM +  cost(ms, s)

S

where myg is the least m such that A(m) changed at stage s (ms = 3 if no such change occurred and cost(3 ,s) = 0) and
this is equal to
# $

p(u?) + cost(ms,s) +  cost(mg,s) " 2%+ 2 t<1

e s, le s, &

where |, is the set of stages where P, acted and 1 is the set of stages where Q. acted. Almost precisely the same argument
suffices to show that p(VA) < 1.

Inorder to seethat UW ' VA, suppose that &isin UW and let ebe suchthat2- & 4 < 2! & Once& has been enumerated
into UV and requirements P.y% Quxfor e”< e have finished acting, & will be enumerated into  V, and will not subsequently
be removed.

Before we proceed to the satisfaction of P, Q. we show the following usual property of the cost function:

e-n,s: s s[cost(n, s§< 2 €. (12)

Let n be large enough such that p(U”. UA™) < 2-© ! and such that no restraint corresponding to a requirement %0r Po%
for e”< etakes avalue 6 n.Lets> nbe large enough such that no requirement  Q.xor P.ufor e”< eactsata stage 6 sand
such that A" nis an initial segment of Agwat all stages s s. If > sthen any element of U”%with use < s”and which is
notin UA™, is eitherin U or is in the trash measure contributed to Ty, by a requirement P.xor Qufor some €6 e. Thus the
total measure of all such elementsis < 2' €. A very similar argument suffices to show thatforall  ethere exists n, ssuch that
forall s> s p(VA%, VA% < 2 e

Next we show that all P requirements are satisfied. Suppose that P and all higher priority requirements have stopped
requiring attention after stage sy, and that by stage s the quota pe and the parameter & have both reached a limit. If for the
sake of a contradiction we assume * 2 = W then we can argue that W is computable. Since * * = W there are no %( &
such that (11) holds (otherwise P, would receive attention). To compute W " n just search for a finite string ( ( & and
astages > s such that * é[s] "n 7 and p(V( . V&) < p,. This will be found since * 2is total and pP(VA. V) < p.
* é[s] "n 7 willequal W " n.

Finally we show that each Q. is satisfied. Let sy be a stage after which Q. along with all higher priority requirements have
stopped requiring attention,  X¢[s] has reached a limit x. and A(X.) has also reached its limit. If * ;"’ = A, then at the first stage
s> g suchthat * ZV (xe)[s] 7 strategy Q. would require and receive attention, thus creating a permanent disagreement on
Xe Which is a contradiction. !

5. Local structures of LR degrees

In this section we look at local structures of LRdegrees below $”and their relationships with Turing reducibility. We also
study the LRdegrees of recursively enumerable sets.

5.1. Structure below $%

The following is a forcing condition for avoiding non-trivial upper cones of LRdegrees.

Lemma 17. Let(V,) be an effective list of all r.e. operators such that pi( Ve$) < 1foralle, N,$,{0,1}.Supposethatw" 1 $”%
W /" g $ and D is a computable set of strings. Then foralle, N

&, D-( &W-&) &,&, D:%( &,% D[U' /' V¥ (13)
where all the quantifiers range over {0, 1}<% .
Proof. Suppose that (13) did not hold for some e, N.Weshowthat W " g $. To cover UV witha ' ; Class of measure < 1
we will define a recursive set Asuchthat UV ' VA, Let (Ws) be a recursive approximation of W . Thatis, Ws , { 0, 1}* for
alls, Nand

& E&W-5:8> 5 [& & W]

We define a recursive monotone unbounded sequence (&) of strings in D with & is as in the negation of (13), and set
A =+ ,&. Let the finite strings be ordered as usual, first by length and then lexicographically. Inductively assuming that & 7
we define &1 as follows. At stage s+ 1 consider the least %& W, such that U% /' Vf‘S. If this does not exist let &1 = &.
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Otherwise consider the least string & , D of length < swhich extends & and U%" Vf‘ and let &+, = &. If this does not
existlet &1 = &.

Obviously H(VZ2) < 1 and we need to show that U" ' V. Indeed, if this did not hold there would be a least ( & W
such that U( /' VA, Then there would be some stage s such that &1 = & ( & forall s> sy and this contradicts (13)
according to the construction. !

We note that if W /" g $"&hen there is B such that W /" g Band W " 1 B8 $ ®This is because, as it was first shown in
[2], there is a perfect tree which is computable in $”and all of its paths are " g $°/‘(so not 6 r W). Therefore if Bis the path
Ocarved out byW O on this tree (i.e. go left or right according to whether the next bitof W isOor1)weget W "+ B8 $ %
In particular, W can be approximated recursively in Bbut W /" g B. Then the proof of the lemma relativized to B gives the
following.

Corollary 18. Suppose that W /" g $”&nd D is a computable set of strings. Then for all e, N statement (13) is true.
Theorem 19. Given any - g setW suchthat$ < g W < g $%hereis a- g set A such that A QW .

Proof. This can be done by an oracle construction relative to $%We build A by defining a sequence (&) sothat & & &1

and A = + (&. Let (V,) be an effective list of all r.e. operators such that  ( Ve$) < 1forall $, {0, 1}*. To make sure that
Al" g W we will build  Aand T” such that p(TA) < 1and

Pe:TAL VY

for all e > 1. Define T as follows. Consider a computable map f of N onto {0, 1}! such that for every finite string  %there
exist infinitely many  n such that f(n) = % Then for every set X define the ' 2(X) classT* ={f(n)|n, X}.

Next, consider the standard universal oracle MartinBL&f test  (Ug). To achieve T /' Vg"’ we will choose a small enough t
and enumerate enough of Ufs%into TA so that we satisfy P.. Since Ut$%/' Vg"’ (given that $% Lr W) after finitely many actions
(i.e. finite extensions) on Awe will permanently have T /' VeW. By choosing t small enough we will also achieve P(T#) < 1.
For this reason P, will have a quota pe[s] at stage swhich represents the least value that we are allowed to giveto  t.

ForW /" g Awe willuse Lemma 17. To achieve

QU /vh

at some stage swe wish to find some (& W and %( & ; suchthat U¢ /' VO forall O ( % However we need to make sure
that the chosen extension %does not add too much measure to  TA, so that we still have p(A) < 1. For this reason Qe will
have a quota g, which may change (get larger) during the construction, and at stage  sitis required to choose only strings %
which addto T” measure less than 2 %[ (ie. p(T%. T%) < 2- %ld) s0if

De[s] = { %, { 0, 1}°% | (T?. T 1)< 2 %}

strategy Qe will look for strings in D which have the properties mentioned above. Note however that for Lemma 17 to be
used successfully for the satisfaction of Q., after an action of this strategy at stage swe must make sure that & , Dg[s] for
all t > s. We can achieve this if we raise the quotas for the lower priority requirements, provided that no higher priority
requirement subsequently acts. Thus there will be a finite injury effect for Qe. We order the strategies as Py, Qqg, Py, . ... We
say that P, requires attention at stage sif T® ' Vg"’ where Ois the latest initial segment of A chosen by P, (if it has not chosen
any segments for Asofar, 0 = $). In this case we say that P, requires attention via 0. We say that Q. requires attention at stage
sifit has not acted since it was last initialized .

5.1.0.10. Construction. At stage 0 initialize all strategies and let & = $,q.[0] = 2e+ 3, p[0] = 2e+ 4. At stage s> O find
the least requirement which requires attention.

(1) Ifthisis Q. let & be the least extension of & ; in De[s] such that for some %& W, U/ VO forall O ( & in De[s] (by
Lemma 17). Initialize all lower priority requirements, let m be the least such that 2 - ™ < 2+ %lsl | J( TS TS 1) and
forall i > elet gi[s+ 1] = m+ q[s] + 1,pi[s+ 1] = m+ ps] + 1.

(11) Ifthisis P, let & be the least string extending & 1 such that
)
T8, T8 1= U g, T
and initialize all lower priority ~ Q requirements, setting ¢[s+ 1] = q[s]+ 1forall i > e.

Go to the next stage.
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5.1.0.11. Verification. To verify the construction first note that ~ p(T*) < 1.Indeed, consider the intervals 1; = (|&], |&+1[]
which define a partition of N. For eache , N let (ae,,-),-, n be an increasing enumeration of the indices  k such that & was
chosen during the construction by P and let (be);, n be an increasing enumeration of the indices  k such that & was chosen
during the construction by Q. Also if

o= (T Tt

&)

Suy = W(Tw1 . T )
! I _ _
then by construction ~"¢; " ;2% *Jand$.; " 2' %> > Hence
n % &
u(TA) " 2 2e. 3 + 2 2e. 2 < 1.

e

Next, we show by induction that each strategy stops requiring attention after some stage and that it satisfies the
corresponding requirement. First suppose that after stage s no requirement of higher prioority than P. requires attention.
After s the quota pe will take a final value t and strategy Pe will keep on enumerating Ut$A)(in the form of successive closed-
open sets) into TA as long as VgN covers the enumerated intervals. Since  $%/" Lr W we have Ut$%/' VgN and so at some stage
some closed-open set enumerated into  T” will never be covered by VQN . This means that TA /' VQ,N and P, will stop requiring
attention.

Second, suppose that s is the last stage where Qe is injured. At stage s, + 1 strategy Q. will choose an extension &, +4 of
&, in Dg[s; + 1] such that u®r VeO for some %& W and all O ( &;+1 with O, D¢[s; + 1]. Then it suffices to show that
&, , De[s; + 1] forall n > s;. Inorder to see this note that the strategy increases the quotas of lower priority requirements
by anamount msuchthat2- ™ < 2- %[+ y(78%1+1 T%) and so by the argument which showed that ~ (T4) < 1 above
we have p(Té . TS%i*1) < 2 Mforall n> s, + 1. Hence i(Té . T&i) < 2- %ls*U and &, , Dg[s, + 1] forall n > s,. !

5.2. Recursively enumerable LR degrees

The interactions of " (gand " 1 in the class of r.e. sets is very interesting. In Barmpalias and Montalbfn [ 3] (also see [7,
15] for the relation between almost everywhere domination and " |R) it was shown that there is an r.e. set which is a half
of a minimal pair in the Turing degrees and whichis ~ LRequivalent to  $”° Also, Barmpalias, Lewis and Soskova [2] showed
that given any incomplete r.e. Turing degree we can effectively produce another r.e. Turing degree which is in the same LR
degree and is strictly above the given one. In other words, this means that for every r.e. set Athere is anr.e. set Bsuch that
A <1 Band the classes of A-randoms and B-randoms coincide. This was shown as follows.

Theorem 20 (Barmpalias, Lewis and SoskovaZ®]). If W is an incomplete r.e. set, that is, $*%/"+ W, then (uniformly in W ) there
isar.e. setBsuchthatB" gW andB /"t W.

Of course this does not immediately imply the previous claim, but the proof of Theorem 20 was adaptable in a way that
it gave this result about the Turing degrees inside an LR degree. Here we show the dual of Theorem 20. That is, given a
nonrecursive r.e. set Bthere is ar.e. set Asuch that A <; Band the classes of A-randoms and B-randoms coincide.

Theorem 21. Given nonrecursive r.e. B there is an r.e. A such that B/"+ A and B" g A. Moreover A can be chosen such that
A <1 B (sothat we also have A# g B).

Proof. First we show the first clause and then explain why the construction automatically produces the second clause as
well. Given a nonrecursive r.e. Bwe need to build anr.e. operator V and anr.e. set A such that

uB' VA (14)
p(vA < 1 (15)
Q:*2/=B (16)

for all e. One aspect of the conflict is that (14) requires parts of B to be coded into A but (16) needs a restraint on the
enumerations into A. This is a familiar situation in the theory of r.e. Turing degrees, but here there is one more problem. The
restraints of (16) could damage (15) by acting as atrap forjunk measureinto VA (thatis, measure that has escaped U through
a B-change). This can be handled by providing each Q strategy with a good current approximation to the measure of UB In
the construction it is helpful to assume that ~ UB has a certain monotonicity property, namely that  later computations have
larger B-use. We can do this by replacing U with U!B which is defined as follows: at the beginning of stage  swe enumerate
astring &into U!B in the following cases:

¥ & has just appeared in UB[s] (although it might have appeared before with  B-use which is no longer valid). In this case
we enumerate & into UP with big B-use.

¥ &wasin UP[s. 1] anditis U®[s] via the same computation (the associated B-use has not changed) but itis notin  UP at
the beginning of stage sdue to some B-change. In this case we enumerate & into U!B with the same B-use as before.
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It is clear that U = UB and that this enumeration has the desired property. We call this enumeration canonical and in
the following we assume that  U® is given with a canonical enumeration. We also assume the  hat trick for UE, exactly as it
is assumed for Turing functionals (see [ 16]). This means that at stage s, if some x was enumerated into B we do not take
into account (for example, as far as membership into U is concerned) computations which involve  B-use 6 x. This delayed
enumeration has the effect that at infinitely many stages s (the true stagesfor the enumeration of B) the set UZ[s] contains
only permanent strings & and so J(U®[s]) " p(UB).

The operator V can be defined in a straightforward way ahead of the construction. At the beginning of stage s we
enumerate a string & into VA in the following cases:

¥ & has just appeared in UE[s] (although it might have appeared before with  B-use which is no longer valid). In this case
we enumerate & into VA with big A-use.

¥ &wasin UB[s. 1] anditis UB[s] via the same computation (the associated B-use has not changed) but itis notin  V* at
the beginning of stage sdue to some A-change. In this case we enumerate & into V* with the same A-use as before.

The enumeration of V will be accompanied by some coding of Binto Ain order to ensure (15): whenever some interval has
left UB, isin V” andits A-use is not restrained by any strategy, the construction enumerates the use into Athus deleting the
interval from V. Note that this definition of V ensures that (14) is satisfied.

The crude strategy for Q is the usual Sacks restraints method. But note that restraints on A can act as a trap for junk
measure (that is, measure which does not belongin  UB) in VA, Given that H(U®B) < 2' 1, in order to satisfy (15) we need to
make sure that:

H(VA) . p(u®) o2 17

Each piece of measure in P(V”. U®) will be charged to some Q-strategy. In other words, each Q-strategy may be blamed
for some strings & , VA. UBandin orderto ensure (17) we need to set a quota for each strategy and make sure that it is
never blamed for an amount larger than its quota.

We need to describe an atomic strategy for Q. which, given an arbitrary quota 2 * ", can satisfy (16) while keeping:

H(VA) . p(u®) o2 (18)
We may assume that Q. acts only on stages s such that the measure of the false strings

H(UB[g]. uB)< 22 ™1, (19)
This can be arranged in the construction by a standard tree machinery. If at some stage we decide to restrain a computation

(*#=B)"x withuse u (20)

we should consider two outcomes. First, if B" x changes we will have satisfied (16) and by the assumption (19) requirement
(18) will also be satisfied (given the lack of other restraints and the coding of Binto A). Second, if B" x does not change and
B" y changes, where y is such that

{$1$, VAwithuse < uand$, UPwithuse > y}/=$ (21)

then (16) is not yet satisfied and we have added some measureto V2. UEB. The second outcome clearly poses some threat
to (18) but this can be easily dealt with as follows. The ith time that we wish to apply new  A-restraint we can wait until the
length of agreement x of * A = Bis so long that the measure of (21)for y = xislessthan2- " - 1 If* A = Bthis will happen
as there are infinitely many true stages sfor Band at these stages U®[s] *  UB. This cost will not increase in later stages as
new reals in V* get large use. Then by induction we have

|J.(VA). H(UB)< 2 n. i.1+ 2 n.1mn 2.n

i>0

and by the usual Sacks restraint argument (16) is satisfied. To put all strategies together consider the tree of strategies T
which has strategy Q. on the nodes of level 2 e + 1 and a backing strategy on the nodes of level 2 e which approximates
1( UB) with precision 2 - ® 2. So at a node of level 2 e we consider [0, 1) divided into 2 ¢*2 equal intervals and the endpoints

lo, - .., I of the intervals are their branches/outcomes. If the node is accessible at ~ sthen |; is accessible if U(UB[s]) , [ 1, li+1)
(where I+, = 1). The Q-nodes have a single branch so that the approximation to the true path is determined by u( UB[s]).
The priority order amongst nodes is the usual one: first by length and then lexicographically. We fix a quota 2 - ™ for each

Q-node " in an effective way such that

2 " < 2 2.
", Q
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5.2.0.12. Construction. For each node " let r+ be the current restraint imposed by all nodes of priority higher than or equal
to that of " . At each stage s do the following.

(1) Determine an approximation to the true path of length saccording to the accessibility relation defined above. Initialize
all nodes to the right of the present approximation to the true path.

(1) If r is the total restraintimposed by all strategies, look for ~ & whicharein VA. UBwith A-use greaterthan r.Enumerate
the least such use into A.

(11) For each” of odd length on the present approximation to the true path, check if there is ) suchthat (* 2= B) ") is
defined with use u > r- and

”({$ | $ , UB[s] with use > |}) < g-n.m 1 (22)

where m is the number of times that applied a restraint since it was last injured by the true path. In that case restrain
A" u for the maximum such ), and call san expansionary stage for " .

5.2.0.13. Verification. By the hat trick on UPB and the true stages for Bthere is an infinite and infinitely often visited path TP
through the tree of strategies. For each kthereis some s, such that at all true stages s> s the branch TP " k is accessible. At
true stages sall strings in UB[s] are permanent. So for any n-, m there is a large enough | such that at true stages s condition
(22) is met. This means that the usual Sacks restraints argument works for the nodes on the true path and all Q. are satisfied.
Itis also clear that the restraints from nodes on or to the left of the true path come to a limit.

Also (14) holds by the definition of V. It remains to show that (15) holds. For that, it suffices to show (17). In order to
show (17) it suffices to show that at (the end of) each stage s, the measure of the set of all finite strings & which are in VA[s]
but which are notin UB[s] is" 2' 1. So suppose that at stage s, & is in VA[s] butis notin UB[s], and let the corresponding
A-use be u. Then at stage s, & is charged to that strategy on or to the left of the present approximation to the true path which
first instituted a restraint of length 6 u at a stage S ssubsequent to a stage at which it was last initialized. Foreach " we
let G [s] be the set of all & chargedto " at stage s. We divide G- [s] into two compartments G?[s], Gt [s]. The enumeration
into these compartments happens as follows. Suppose that & , G- [s]. If at some stage sh< s subsequent to the last stage
< satwhich " was initialized, it restrained a computation ~ (* # = B) ") and & was in UB[sPwithuse " |then &isin G'[s]
and we say that & was enumerated into"this set at stage s®Otherwise we putitinto G [s]. It remains to show for every e,

WGl <22+ 27, 3
["]=2e+1

Since the enumeration of U is canonical, if at stage s”Something is enumerated into G- [s], then at stage s’the nodes to the
rightof " are initialized. Thus at stage sthere can only be one " oflevel 2 e+ 1 with G' /= $, since as long as this holds there
are no expansionary stages for " “totherightof " andoflevel 2 e+ 1. Moreover we have p(G![s]) < 2' ® ? because otherwise
u( UB) would be decreased by 2 - & 2 since " was last visited whichmeansthat " would be initialized. Finally p(G&[s]) < 2= ™
by the construction and the definition of ~ G’[s], since the mth time that some measure is added to this set it must be less
than2 - ™ ™ 1. So(23) holds and this concludes the proof of the first clause. For the second clause note that the set of nodes
which are on or to the left of the true pathis  B-enumerable. Also it is easy to see that there will be infinitely many permanent
restraints on A during the construction and B can decide whether a restraint is permanent. Hence it can compute A, !

A combination of the above argument with the argument in the proof of Theorem 20 shows that for every nonrecursive r.e.
B of incomplete Turing degree there isar.e. set Asuch that A|;Band the classes of A-randoms and B-randoms coincide.

Theorem 22. For any r.e. nonrecursive B of incomplete Turing degree there is r.e. A such that 5B and A# |z B.

Sketch of Proof. The above tree argument can be combined with the coding in the proof of Theorem 20 in the same way
that Sacks restraints are combined with Sacks coding in a tree version of the density theorem. Note that in this case the
approximation to the true path will not be solely controlled by H( UB) as the coding nodes will have infinitely many branches.
However we can still initialize the nodes which hold the restraints when their assumption about the value of p( UB) is much
more than the current approximation so that the garbage boxes are emptied and the argument in the proof of Theorem 21
goes through.

Nies and Miller [ 9] asked if the LRdegrees of r.e. sets are dense. The main difficulty for proving density lies on the fact that

the join operator 8 does not define supremum inthe LRdegrees. In the classic Sacks density argument the join plays a very
important role and in some structures of r.e. sets where the join fails to be a supremum density fails (one such example is

the structure of identity bounded degrees, see [ 1]). Note however that the join is usually not important for proving upward

and downward density (in the example given above upward and downward density holds). Say that a pair of r.e. LRdegrees
are Turing comparable if they have r.e. representatives B, C respectively such that B "  C. The following theorem shows a
weak density in the r.e. LRdegrees: for every Turing comparable pair of r.e. LRdegrees there is a r.e. LRdegree strictly in
between (which is also Turing comparable with the given degrees). This obviously implies upward and downward density.

Theorem 23. 1fB, C arer.e.andB" 1 C, C/" g Bthenthereisanr.e. AsuchthatB" t A" + C,C/" g Aand A/" g B.
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Proof. We just need to run the usual Sacks density argument with different restraints and lengths of agreement. Given B,C
as above we constructanr.e. Asuchthat C /" rA8 B,A8 B/" rBand A8 B"  C. LetU be the first member of the standard
universal oracle MartinbL&ftest  (U;), sothat p(U®) < 2 Tforall $, { 0, 1}*. We recall from [ 2] the definitions of the basic
parameters for LRreductions. An LRreduction is defined via an r.e. operator V (as opposed to a Turing functional) such that
forall $, u(v®) < 1and Dis LRreducible to Evia V if

UD ' VE. (24)
To define the length of agreement )( ub, VE) of this possible reduction consider recursive enumerations of U, V,D,E. Let
(&) be recursive enumeration of all the finite strings which appear in UtDt at some stage t, and such that each & appears
once in this list for each time that it appears in UtDt with new use. If & is enumerated into this list at stage t, then at stage

t%> t we say that & has remained in UP ifit is in U?}]%with the same use. Now for all s we define )(UP, VE)[4] to be the
maximum n such that the following hold:

¥ &[s] 7 (thatis, the nth member of M has been enumerated by stage s)
¥:i" n([&]' V& ; & hasnotremainedin UP).

By the hat trick it is clear that reduction  (24) is total iff liminf ¢)(UP, VE) =3 . To satisfy C /" r A8 Bfor this theorem we
need to show that thereisno ' 2(A8 B)-class V8B of measure < 1 such that US ' V*8B, For this reason we consider an
effective enumeration (V,) of all .e. operators V such thatforall $ , { 0, 1}*,v® '{ 0,1} andis of measure < 1, and we
satisfy the following requirements:

Q.:US" VvAB< c" B (25)
In order to satisfy these requirements we will use a version of Sacks restraints, as defined in [ 2]: re[s] is defined to be the
least t such that, forall i " )(UC, V*8B)[g], either [&] ' V/ 8B with A8 B-use < t or else & has not remained in UC. Itis

clear that if rg[s] is respected for a cofinite set of stages then U® /' V:B B because otherwise we would be able to construct
Ve, ' 2(B)suchthat US" VEand p(VP) < 1.Also by the hat trick:

liminf )(US, v*8B)[g] < 3 . (26)

As in the classic Sacks density construction this enables us to use coding in order to satisfy A8 B /" g B. We achieve this by
satisfying the following:

P iUME VB< Cc" B (27)

Let). = )(U”8B, vE). For each number n <) . we successively choose a large number x, as its code. If ) . later drops below
n we undefine x,.Ifn = Cforsome x, 7 we enumerate x, into A. If the assumption of (27) holds then ). goesto 3 and for
any n oracle B can compute a stage beyond which ). never drops below n. This will give the desired contradiction C" g B.

5.2.0.14. Construction. At stage sif some code x; of P is defined, n, Cand x is greater than all restraints of higher priority
Q-requirements then enumerate it into A (if it is not already in there). For each e < sfind the least n such that n <) ([g],
x¢ 9 and define x¢ to be a large number; also forall m 6 )¢[s] undefine x¢,.

5.2.0.15. Verification. By induction on e: suppose that for all i < e, P, Q are satisfied. Then by the hat trick at every true
stage for A8 Beach restraint r;,i < e will be diminished to a limit infimum Ki. Let ke be the maximum of k;,i < eand ng

such thatforall n 6 ng and all j no code xjn is defined " ke.

5.2.0.16. P, is satisfied. Let s, be a stage at which C" (ng + 1) has settled. Now supposing
VALV (28)

we will find an index m such that U,ﬁ " U8B which implies C" g B, a contradiction. By (28) we have that lim ¢)c[s] =3
and hence every e-code is permanently defined. Moreover given any  k, B can compute a stage after which ). > k holds
constantly and hence, given any j it can compute a stage after which X, will be defined permanently.

By the properties of U there is a recursive function f such that for every r.e. set of axioms W, of index e either
u(Wf) 6 2 "®orw,"' U.Givent , N we constructan r.e.operator T(t) suchthatforall $ , {0, 1} p(7%) < 210,
By the recursion theorem there will be some  t such that W, = T(t) andso T(t) ' U. Givent we choose m = f(t) and we
define T = T(t) as follows, starting from stage s, in order to achieve Unf " U8B For simplicity we present the construction
as aB-recursive oracle argument but this can also be viewed as a recursive construction of Swhich is the set of axioms we
enumerate for T.

(1) First wait until T”®® becomes a subset of the current U® and when this happens proceed as follows. If we are at stage
s consider the set of reals in US[s] . V2 (itis a closed-open set E) and enumerate each such $ into T/8B with A-use
the least number which is greater than all the (permanent positions of the) codes x: for i " u where uis the C-use
corresponding to the current membership of  $ in Ug. As explained above Bcan compute those x/.
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(2) Waituntilalaterstage s* whereeverysuchrealin Ehas either left Ur‘f] (duetoa C-change) or it has appeared in VeB. During
this interval constantly update the A 8 B use of the members of TA8B (which may become outdated due to  A-changes)

except for the reals which are no longer in ug with the same computation. Goto (1) for s:= s'.

First note that for all $, u(T®) < 2° ™. Since Ais r.e., to see this it suffices to show that p(T/B) < 2 ™ at all stages s.
But this is clear since every time we decide to put some reals into TSAS8 B the existing ones and the ones we wish to put in
are in Unﬁ[s]. Second, note that when the oracle construction runs with oracle B (as it is written above) it will never wait
indefinitely in step (1), that is, each time it passes step (2)  T*® will eventually become a subset of UC. This is because if
an enumeration n = C forced some reals out of Unf during the wait interval of step (2) the code x{ (which is permanently
defined as computed by B) would enter A by construction and would have forced those reals out of T8 B as well.

Now by the recursion theorem pick  t whichis anindex for T. Then everything we enumerate in Sappearsin U. Also, (28)
implies that for that fixed point  t the construction never waits indefinitely on step (2). Hence all permanent members of U,‘f,
are eventually loaded into V& and so Unﬁ " VB which gives the desired contradiction C" g B. SoP, is satisfied.

5.2.0.17. Q. is satisfied. Suppose for a contradiction that U ' VA8B, By induction hypothesis U*88 /' VvBforall i " eand

so each such length of agreement ); has a limit infimum. Thus for each i " ethere is a threshold V; such that forall j 6 V;

witness x]! is never permanently defined. Now starting from stage  s; where all x} fori" e,j" V; have taken their final values

and their membership with respectto A has been settled, we can construct an r.e. operator V such that st B' VB Atstage
sif the length of agreement for  U® "' V/8Bisatleast ) and all strings & for t " | which are in V288 . VB are either not in
UCorarein V§8 B with use u such that no code x]' i " ej 6 viscurrently defined on A" u, then enumerate those strings
of UCinto VB with B-use u. Since codesx}, i" e j 6 v;are constantly being redefined and the length of agreement tends to

3 we willenumerate all  UC into V. Moreover when we accept a length of agreement it is not going to be diminished later

on due to the assumption about the codes and the restraint  r.. Hence those strings will remain in VeA8 B which means that
VB V8B andso U(VB) < 1. Thisis a contradiction, so Q. is satisfied.

5.2.0.18. A8 B" 1 C. Finallysince B" 1 C and B can decide when the various restraints drop, Aisrecursivein C. !

6. Jump traceability, superlowness and the REA hierarchy

Nies [11] showed that for r.e. sets superlowness and jump traceability are equivalent, and that in the #-r.e. case neither
of these notions implies the other. Here we show that in the REA hierarchy jump traceability implies superlowness.

Theorem 24. If B is superlow, Aisr.e. in and above B and A is jump traceable then A is superlow.

Proof. Since Aisr.e. in and above B, it is safe to assume that A = B8 W& where W be an r.e. operator. Consider a partial
A-recursive function which, given eand if * Q(e) 7, produces some 0%, % such that

¥ %& A&&B

¥*Ae) 7

¥&8 W& |%=A"|%.

Let (Te) trace that function and let ht be a recursive function such that |T.] < h(e) for all e. We can assume that if 0%, %

is enumerated into T, at stage sthen * %{e)[s] 7. Now consider the partial B-recursive function which takes e, i, waits until
the i-th element 0%, A of T, is generated and if & & Bit looks for some 0 & Bsuch that

&8 WO |%/=&8 W& " |%. (29)

Ifandwhenitfinds Oittakesthisvalue. Let (S;) trace thisfunctionandlet hgbe arecursive functionsuchthat |S;| < hs(e, i)
for all e, i. We can assume that when O is enumerated into S the i-th element of T, has already appeared and (29) holds
(where W has a current value). Now if 08,i, %,1lis the i-th elementof Te, Ogi0 = & andfor j > 1,0, is the j-th element
of §,; then we can define a recursive function f such that

f(ei,j), B®>< [ 047 20 & Bl
Since B is superlow we can consider recursive functions g, hy such that g takes binary values and

[Oe,i,j 7 2 Oe,i,j & B] =< Ilrsn g(e, i,j, S) =1 (30)

{slg(ei,j,s) I=g(e i,i,s+ 1)} < hg(e, i, j). (31)
Now we are ready to give an #-r.e. approximationto A”Aclaim for e, A%t stage sis a pair 0& , %4 =0 &y %l , Te[s]. This
is called valid at stage sif the following conditions are met:
¥ (&8 WH"|%=%
¥ g(e,i,0,5) =1
¥ g(ei i;j! S) = Oforall0 < J ! | %,i[s]l'
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Note that e, A%ff there is some claimfor e, A’which remains valid during a cofinite set of stages. Also, whenever a claim
for e, A%changes from valid to invalid or vice-versa (apart from the first or the last time) a Omind change® occurs to the
g-approximation on (e, i, j) for some i < hr(e),j < hs(e, i). For our approximation to A’8we just have to let n(e, s) be 1 if
there is a valid claim at sand 0 otherwise. By the comments above we have

l{s| n(e, s) I=n(e, s+ 1)} " 2+ hg(e i,j) . !
i<hr(e) <hg(ei)

By induction we get the following corollary.

Corollary 25. Every jump traceable set in the REA hierarchy is superlow.
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