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Cantor Space, Topology and Measure

e 2% is the space of infinite binary strings: the reals
e 2<% is the space of finite binary strings
e The standard topology on 2¥ is induced by the basic open
sets:
[c] ={cX : X €2¥}
forall o € 2<v

e We use a standard Lebesgue measure on the Cantor
space: the measure of a basic open set [0] is

p(lo]) =271

This uniquely determines the Lebesgue measure of sets in
2w,
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Martin-Lof Randomness

e 2¥ can be thought of as [0, 1]

e |dentify finite binary strings with intervals in [0,1]: ¢ — [o]

o Prefix-free sets of finite binary strings correspond to
independent (basic open) sets of reals

Definition

A Martin-L6f test M is a uniform sequence (E;) of c.e. sets of
binary strings such that x(E;) < 2~'. A real a avoids M if some
fori, o & E;X“. A real number is called random if it avoids all
Martin-Lo6f tests. W.l.o.g. assume E;, 1 C E;.
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Other approaches to Randomness

1. The unpredictability paradigm: Given the first n bits of a
string we want to predict the next one. Random strings
have no computable prediction function which makes
infinitely many predictions and guesses correctly infinitely
often.

2. The uncompressibility paradigm: In random strings the
ratio of information coded in initial segments and the length
of these segments is maximal. Here the ratio is important
and not the individual components. For example, there are
random strings with low overall information content.
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Examples

o > oD icw, 27 ®T+2) where (W) is an effective
enumeration of all c.e. sets of numbers.

o YD oey, 2717119 where (V,) is an effective enumeration
of all c.e. prefix-free sets of strings.



Randomness via Measure Low for Random Degrees Domination Work on progress

I'I? Classes and Randomness

Definition
A 70 class is a collection C of reals such that

C={a : dn(R(a | n)},
where R is a computable relation. Equivalently,
C={lo] : o€ W},

where W C 2<% is c.e. (identify sets of sets of reals with their
union).
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Intuition

« Identify c.e. sets of finite binary strings with 9 classes
« 39 classes are the analogs of c.e. sets for sets of reals
o I'I? classes are the complements of Z? classes.
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MN? Classes and Tests

There is an effective enumeration of all Martin-L6f tests

There is a universal Martin-L6f test (E;): the set of
non-random numbers is N;E;

If (E;) is a Martin-L6f test, E; is a £9 class

The random numbers is a 9 class of measure 1, a
countable union of MY classes of measure tending to 1.
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Relative randomness and lowness

Martin-L6f tests and randomness relativizes to any oracle.

Ais low for random if every random is A-random.

Relativizing we get: Ais low for random w.r.t. B (A <;r B)
if every B-random is A-random.

<, g is transitive, Zg and it contains <7.
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Basic fact (Kjos-Hansen, Nies, Stefan)

The following are equivalent:
e A<iprB

e For every Z?’A class T of measure < 1 there is a Z?’B
class VB of measure < 1 such that

TAC VP
o For some member UA of a universal Martin-L&f test relative
to Athere is V& € £2% with 4 V8 < 1 and

UAQ VB
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Low for Random Degrees

Structure and Properties

Each degree contains countably many elements (Nies).
There is a least degree containing the low for random
reals. Some of them are not computable (Kucera).

It is not known if there is a least upper bound for any two
degrees.

Theusual A B={2n|ne A}u{2n+1|nec B}isnota
supremum (Nies).
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Domination

Letf,g:w — w.
o The function f majorizes g if f(n) > g(n) for all n.
e If f(n) > g(n) for all but finitely n then f dominates g.

e We say that f is an almost everywhere (a.e.) dominating if
the measure of reals 3 with the property

g <71 [ = f dominates g

is 1.
e A Turing degree is a.e. dominating if it contains an a.e.
dominating function.
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The Halting problem

e The halting problem computes an a.e. dominating function
(Kurtz)

o (/ <,p Aiff Acomputes an a.e. dominating function
(Kjos-Hansen, Miller and others)

e There are c.e. sets which compute an a.e. dominating
function but don’t compute the halting problem (Cholak and
others).

e The LR degree of the halting problem contains halfs of
minimal pairs in the c.e. Turing degrees (B. and
Montalban).
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A non-cuppable a.e. dominating c.e. degree

Theorem

There is an a.e. dominating function f (of c.e. Turing degree)
such that for every c.e. A which does not compute the halting
problem, f & A cannot compute the halting problem.

Corollary

If Ais c.e. and is computed by every a.e. dominating function of
c.e. Turing degree then A is non-cuppable in the c.e. degrees.
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Domination

Proof

e a 0" priority tree argument, because. ..
o strategies need better and better approximations of the
measure of the domain of functional(s)

e only minimal restraints are allowed on the dominating
function (at most one at each level of the tree)
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Relationships between <7 and <;p.

Is there a c.e. non-computable set which is computable by
all a.e. dominating c.e. degrees ?

Such set must be non-cuppable by previous result.

How about the local structure of c.e. LR degrees? (density,
minimal pairs etc.)

Global constructions: minimal LR-degrees?
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