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Cantor Space, Topology and Measure

• 2ω is the space of infinite binary strings: the reals

• 2<ω is the space of finite binary strings
• The standard topology on 2ω is induced by the basic open

sets:
[σ] = {σX : X ∈ 2ω}

for all σ ∈ 2<ω

• We use a standard Lebesgue measure on the Cantor
space: the measure of a basic open set [σ] is

µ([σ]) = 2−|σ|

This uniquely determines the Lebesgue measure of sets in
2ω.
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Martin-Löf Randomness

• 2ω can be thought of as [0, 1]

• Identify finite binary strings with intervals in [0, 1]: σ → [σ]

• Prefix-free sets of finite binary strings correspond to
independent (basic open) sets of reals

Definition
A Martin-Löf test M is a uniform sequence (Ei) of c.e. sets of
binary strings such that µ(Ei) ≤ 2−i . A real α avoids M if some
for i , α 6∈ EiΣ

ω. A real number is called random if it avoids all
Martin-Löf tests. W.l.o.g. assume Ei+1 ⊂ Ei .
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Solovay Randomness

Definition
A Solovay test is a c.e. set of binary strings S such that∑

σ∈S 2−|σ| < ∞ . A real a avoids S if

∃<∞σ ∈ S(σ @ a).

Solovay random is a real which avoids all Solovay tests.
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Borel-Cantelli

Theorem
(First Borel-Cantelli Lemma) Let {Ci : i ∈ N} be a sequence of
Lebesgue measurable sets such that

∑
i∈N µ(Ci) < ∞. Then

µ({X : ∃∞n(X ∈ Cn)}) = 0.

• It turns out that Solovay random iff Martin-Löf random

• In a way, Martin-Löf tests represent effectively null sets.
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Other approaches to Randomness

1. The unpredictability paradigm: Given the first n bits of a
string we want to predict the next one. Random strings
have no computable prediction function which makes
infinitely many predictions and guesses correctly infinitely
often.

2. The uncompressibility paradigm: Random strings the ratio
of information coded in initial segments and the length of
these segments is maximal. Here the ratio is important
and not the individual components. For example, there are
random strings with low overall information content.
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Examples

•
∑

e
∑

i∈We
2−(e+i+2) where (We) is an effective

enumeration of all c.e. sets of numbers.

•
∑

e
∑

σ∈Ve
2−(|σ|+e) where (Ve) is an effective enumeration

of all c.e. prefix-free sets of strings.
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Π0
1 Classes and Randomness

Definition
A Σ0

1 class is a collection of reals c such that

C = {α : ∃n(R(α � n)},

where R is a computable relation. Equivalently,

C = {[σ] : σ ∈ W},

where W ⊆ 2<ω is c.e. (identify sets of sets of reals with their
union).
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Intuition

• Identify sets of finite binary strings with Σ0
1 classes

• Σ0
1 classes are the analogs of c.e. sets for sets of reals

• Π0
1 classes are the complements of Σ0

1 classes.
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Π0
1 Classes and Tests

• There is an effective enumeration of all Martin-Löf tests

• There is a universal Martin-Löf test (Ei): the set of
non-random numbers is ∩iEi

• If (Ei) is a Martin-Löf test, Ei is a Σ0
1 class

• The random numbers is a Σ0
2 class of measure 1, a

countable union of Π0
1 classes of measure tending to 1.
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Basis theorems for Π0
1 classes

• (Jockusch and Soare’s Low basis theorem) Every
(nonempty) Π0

1 class has a member of low degree

• There are random reals of low overall information
• Every (nonempty) Π0

1 class has a member of c.e. degree
• There are random reals of c.e. degree
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Degrees of Random Reals

Theorem
(Kučera, Gács) Every set is wtt reducible to a random set.

Theorem
(Kučera) If a > 0′ then a contains a random set.
The proof contains a technique called Kučera coding which is a
standard technique for coding information into random
sequences.
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More on Degrees of Random Reals

Theorem
(Kurtz) No random real has minimal degree.

Theorem
(Kučera) No random A, B <T 0′ form a minimal pair.
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More Measure and Degrees

Theorem
(Sacks) If A is noncomputable then

A≤T =def {B : A ≤T B}

has measure 0.

Theorem
(Stillwell) Suppose that D 6≤T A. Then the measure of the sets
C such that D ≤T A⊕ C is 0.
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A basis theorem for Π0
1 classes of positive measure

Theorem
(Kučera, Downey and Miller) Let P be a Π0

1 class such that
µ(P) > 0. For every set S CEA 0′ there is a ∆0

2 real A ∈ P such
that A′ ≡T S.

Corollary
(Kučera) All jumps of reals below 0′ are realized by random
reals below 0′.
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Ingredients

The ingredients of the proof of theorem 11 are:
• Sacks’ minimal degree construction below 0′

• Forcing with Π0
1 classes (low basis theorem)

• Kučera Coding
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End of Part I

Thank you!
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Coding Information into Random Sets

• Kučera gave a method for constructing Random sets with
special information-related properties

• Kučera coding can be used more generally to code
information to members of Π0

1 classes of positive measure
• The idea is that in such classes (trees) branchings can be

computably bounded
• This reflects the idea that randomness often implies

computable bounds.
• Another example is that no random set is hyperimmune

and also that every set can be computed by a random one
with computable use.
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Kučera’s Lemma

Lemma
(Kučera 1985) Let (Pe) be an effective enumeration of all Π0

1
classes and P be a Π0

1 class such that µ(P) > 0. Then there is
a Π0

1 class Q ⊆ P and a computable function g : ω → ω such
that µ(Q) > 0 and

(∀e) Q∩ Pe 6= ∅ ⇒ µ(Q∩ Pe) ≥ 2−g(e)
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Proof of Lemma

• Let g be any computable function such that∑
e∈ω 2−g(e) < µ(P)

• Let Q be the Π0
1 subclass of P obtained by removing the

reals in Pe[s] whenever Pe[s] ∩Q[s] has measure less
than 2−g(e).

• The choice of g guarantees that µQ > 0.
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Extensions of Lemma

Note that by suitable choice of g in the proof above we can
make µ(P −Q) and so µ(P)− µ(Q) as small as we like (but not
0). So

Lemma
There is a universal ML-test (Un) such that if (Pe) is an
enumeration of the Π0

1 classes, there is a computable function g
such that

Un ∩ Pe 6= ∅ ⇒ µ(Un ∩ Pk ) > 2−g(n,e)

for all n, e.
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Kučera’s Theorems

Theorem
(Kučera)
• Every set can be computed by a random one (even with

computable use).

• Every degree a ≥ 0′ contains a random set.

The proof is an application of Kučera’s lemma.
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Preliminaries to a Proof of Kučera’s Theorems

• A partial computable functional can be seen as a partial
computable order preserving function from 2<ω to itself

• But this is the definition of a partial computable tree
• So the use of trees is a natural method of constructing

reductions
• Trees give reductions even if they are not partial

computable
• A real is c.e. iff it is the limit of an increasing computable

sequence of rationals iff it is the measure of a Σ0
1 class

• The question Pe = ∅ is Σ0
1
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• A partial computable functional can be seen as a partial
computable order preserving function from 2<ω to itself

• But this is the definition of a partial computable tree
• So the use of trees is a natural method of constructing

reductions
• Trees give reductions even if they are not partial

computable
• A real is c.e. iff it is the limit of an increasing computable

sequence of rationals iff it is the measure of a Σ0
1 class

• The question Pe = ∅ is Σ0
1



Part I Part II

Proof of Kučera’s Theorems

• Start with a Π0
1 class P of positive measure (e.g. the

complement of a member of a ML-test).

• In particular Q or some Un of the special ML test above.
• We construct a 0′-computable tree T whose infinite paths

are all members of P.
• T will send every set B to a set T (B) ≥T B which belongs

to P
• Since T is 0′-computable, for all B ≥T ∅′, T (B) ≤T B and

so T (B) ≡T B
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The Tree

• Start: T (ε) = ε and fix a computable function g as in
Kučera’s lemmas.

• Fix a B and assume we have defined T (B � n) such that
[T (B � n)] ∩ P 6= ∅

• Find (using g) an upper bound 2−b of the measure of the
tree [T (B � n)] ∩ P.

• Then there are at least two paths on this tree below level
t = b − T (B � n) + 1

• If L, R are the leftmost and rightmost strings of length t
which extend to reals in [T (B � n)] ∩ P then let
T (B � n + 1) = L or R according to whether B(n) is 0 or 1.

• Note that given T (σ) we can compute the length of
T (σ0), T (σ1)
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which extend to reals in [T (B � n)] ∩ P then let
T (B � n + 1) = L or R according to whether B(n) is 0 or 1.

• Note that given T (σ) we can compute the length of
T (σ0), T (σ1)
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Verification

We only need to show that for any set B, B ≤T T (B). Given
T (B) we compute B as well as T (σ) for all σ ≺ B.
• Suppose we have computed B � n and T (B � n).

• From T (B � n) we can compute (via g) the length of
T (B � n + 1)

• Start approximating the Π0
1 class [T (B � n)] ∩ P until we

find that T (B) � |T (B � n + 1)| is the leftmost or rightmost
branch.

• This will happen due to the definition of T . Then B(n) is 0
or 1 respectively.

• Note that the reduction has computable use of T (B).
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End of Part II

Thank you!
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